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Introduction

We will present and discuss two different algorithms, and lessons in their implementations, for carrying
out reasoning efficiently and accurately in the DC EC (deontic cognitive event calculus) family of quantified modal logics. These logics have been used to model ethical theories and principles [8, 6, 9, 7, 4].
Both algorithms proceed by building reductions to first-order logic.1 We will discuss advantages and
disadvantages of our system with other systems for theorem proving in quantified modal logics. During
the workshop, we will compare and contrast with existing systems by Benzmüller and colleagues [1, 2]
and present initial results on benchmarking the above two algorithms and their implementations.

2

Two High-level Algorithms

Algorithm I The first algorithm uses a technique called shadowing to achieve speed without sacrificing
consistency in the system. Extant first-order modal logic theorem provers that can work with arbitrary
inference schemata are built upon first-order theorem provers. They achieve the reduction to first-order
logic via two modes. In the first mode, modal operators are simply represented by first-order predicates. This approach is the fastest but can quickly lead to well-known inconsistencies as demonstrated
in [3]. In the second mode, the entire proof theory is implemented intricately in first-order logic, and
the reasoning is carried out within first-order logic. Here, the first-order theorem prover simply functions as a declarative programming system. This approach, while accurate, can be excruciatingly slow.
We use a different approach, in which we alternate between calling a first-order theorem prover and
applying modal inference schemata. When we call the first-order prover, all modal atoms are converted
into propositional atoms (i.e., shadowing), to prevent substitution into modal contexts. This approach
achieves speed without sacrificing consistency. The prover also lets us add arbitrary inference schemata
to the calculus by using a special-purpose language. The algorithm is briefly described below.
First we define the syntactic operation of atomizing a formula denoted by A. Given any arbitrary
formula φ, A[φ] is a unique atomic (propositional) symbol. Next, we define the level of a formula:
level : Boolean → N.


0; φ is purely propositional formulae; e.g. Rainy
level(φ) = 1; φ has first-order predicates or quantifiers e.g. Sleepy(jack)


2; φ has modal formulae e.g. K(a,t, Sleepy(jack))
Given the above definition, we can define the operation of shadowing a formula to a level. See Figures
1a and 1b.

1 Implementations

are available at: https://github.com/naveensundarg/prover.
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Examples of shadows

Every formula at level t has a unique formula called its
“shadow” in each level t’ < t

(8xB(a, Q) ^ P (x))
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First-order Modal Logic

8xA[B(a,Q)] ^ P (x)

f

first-order shadow

first-order shadow

First-order Logic
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Propositional Logic

f 00

propositional shadow

A8x[B(a,Q)] ^ A[P (x)]

propositional shadow

(b) Shadowing a formulae to different levels (Exam(a) Shadowing a formulae to different levels (Overview) ples)

Shadowing
To shadow a formula χ to a level l, replace all sub-formulae χ0 in χ such that level(χ0 ) > l with
A[χ0 ] simultaneously. We denote this by S[φ, l].
For a set Γ, the operation of shadowing all members in the set is simply denoted by S[Γ, l].
Assume we have access to a first-order prover PF . For a set of pure first-order formulae Γ and a
first-order φ, PF (Γ, φ) gives us a proof of Γ ` φ if such a first-order proof exists, otherwise returns fail.
See the algorithm sketch given below for Algorithm I:
Input: Input Formulae Γ, Goal Formula φ
Output: A proof of Γ ` φ if such a proof exists, otherwise fail
initialization;
while goal not reached do
answer = PF (S[Γ, 1], S[φ, 1]);
if answer 6= fail then
return answer ;
else
Γ0 ←− expand Γ by using any applicable modal rules;
if Γ0 = Γ then
/* The input cannot be expanded further
return fail
else
set Γ ←− Γ0
end
end
end

*/

Algorithm II The proof calculus for DC EC can be considered to be extension of standard first-order
proof calculus under different modal contexts. For example, if a believes that b believes in a set of
propositions Γ and Γ `FOL Q, then a believes that b believes Q. We convert B(a,ta , B(b,tb , Q)) into
the pure first-order formula Q(context(a,ta , b,tb )) and use a first-order prover. The conversion process
is a bit more nuanced as we have to convert compound formulae within iterated beliefs into proper
conjunctive normal form clauses.

3

User Interface

The theorem prover is available as an open source Java library [10]. The prover is also integrated within
the HyperSlate proof assistant, which is a modern extension of the Slate proof assistant [5]. See Figure 2
2
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assume

Premise 1

C(t0, ∀ a,t happens(display(wealth, a), t)

holds(wealthy(a), t))

from {Premise 1}

assume

Premise 2

C(t0, P(robert, t0, happens(display(wealth, host), t0)))
from {Premise 2}

CC ⊢

CC ⊢

CC ⊢
G3

G2

G1

B(robert, t1, holds(wealthy(host), t0))
from {Premise 2,Premise 1}

B(host, t2, B(robert, t1, holds(wealthy(host), t0)))
from {Premise 2,Premise 1}

B(robert, t3, B(host, t2, B(robert, t1, holds(wealthy(host), t0))))
from {Premise 2,Premise 1}

Figure 2: Use of the DC EC theorem prover within the HyperSlate workspace. Example from [?]

for an example.

References
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